Section 16.3:
The Fundamental Theorem
for Line Integrals



What We’ll Learn In Section 16.3

When is a Vector Field on R? Conservative?

Finding the Potential Function for a Conservative Vector Field
The Fundamental Theorem for Line Integrals

Independence of Path

Conservation of Energy in Physics
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1. When is a Vector Field on R? Conservative?

Recall:
. Avector field F is called a conservative vector field if it is the gradient of

some scalar function.
+  Thatis, F is conservative if there is a scalar function f such that Vf = F.

 Inthis situation f is called a potential function for F.

IfF(z,y) = P(z,y) i+ Q (z,y) jis a conservative vector field, where P and @ have

continuous first- order partial derivatives on a domain D, then throughout D we have

Notes:

e This result is only for vector fields on R?

* The other way around is false

« This result is only really useful in showing that a vector field is NOT

conservative




1. When is a Vector Field on R? Conservative?

Theorem

IfF (z,y) = P(z,y) i+ Q (z, y) j is a conservative vector field, where P and @ have

continuous first- order partial derivatives on a domain D, then throughout D we have
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Proof:




1. When is a Vector Field on R? Conservative?

IfF (z,y) = P(z,y) i+ Q (z,y) jis a conservative vector field, where P and @ have

continuous first- order partial derivatives on a domain D, then throughout D we have
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Ex 1: Show that F =< x%y, x + xy > is NOT a conservative vector field.



1. When is a Vector Field on R? Conservative?

IfF (z,y) = P(z,y) i+ Q (z,y) jis a conservative vector field, where P and @ have

continuous first- order partial derivatives on a domain D, then throughout D we have

Ex 2:
a) Show that F =< x2y, §x3 + sin y > satisfies the above condition.

b) Does part (a) on its own mean that F is conservative?



1. When is a Vector Field on R? Conservative?

Def:

1) Asubset D of R is open if given any point in D you can draw a disk
around the point that is entirely contained in D.
That is, D does not contain any of its boundary points.

2) Asubset D of R is connected if any 2 points in D can be joined by a path
entirely contained in D.

3) Asubset D of R? is simply-connected if D has no holes in it.

6

LetF = Pi+ Q jbe avector field on an open simply-connected region D.
Suppose P and @ have continuous first-order partial derivatives and

oP 0
= Q throughout D
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Then F is conservative.



1. When is a Vector Field on R? Conservative?
6

LetF = Pi+ Q jbeavector field on an open simply-connected region D.

Suppose P and @ have continuous first-order partial derivatives and

P
0 = Q9 throughout D
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Then F is conservative.

Proof:
From Green’s Theorem (next section) and Theorem 4 (end of this section)




1. When is a Vector Field on R? Conservative?

LetF = Pi+ Q jbeavector field on an open simply-connected region D.
Suppose P and @ have continuous first-order partial derivatives and

or = QR throughout D
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Then F is conservative.
Ex 2 (again):

a) Show that F =< x2y, §x3 + siny > satisfies the above condition.

b) Does part (a) on its own mean that F is conservative?



2. Finding the Potential Function for a Conservative Vector Field

Ex 3: Consider the vector field F =< x —y,x — 2 >.
a) Determine if this vector field is conservative.

b) If F is conservative, find a function f such that Vf = F. That is, find the
vector field’s potential function.



2. Finding the Potential Function for a Conservative Vector Field

Ex 4: Consider the vector field F =< 3 + 2xy, x2 — 3y2 >.
a) Determine if this vector field is conservative.

b) If F is conservative, find a function f such that Vf = F. That is, find the
vector field’s potential function.



2. Finding the Potential Function for a Conservative Vector Field

Ex 5: The vector field F =< y2, 2xy + e3%, 3yeZ > is conservative. Find a
function f such that Vf = F. That is, find the vector field’s potential function.



3. The Fundamental Theorem for Line Integrals
2.

Let C be a smooth curve given by the vector function r (¢), a < t < b. Let f be a differentiable

function of two or three variables whose gradient vector V f is continuous on C. Then

[ Vit = e ®) - £ (@)

Proof 777?:




3. The Fundamental Theorem for Line Integrals

Ex 4 (again): Consider the vector field F =< 3 + 2xy, x2 — 3y2 >,
a) Determine if this vector field is conservative.

b) If F is conservative, find a function f such that Vf = F. That is, find the
vector field’s potential function.

c) Evaluate the line integral f F -d7 , where C is the curve given by
C

7(t) =< etsint,etcost> O0<t<m



3. The Fundamental Theorem for Line Integrals
Ex 5 (again):
a) The vector field F =< y?, 2xy + e3%, 3ye? > is conservative. Find a

function f such that Vf = F. That is, find the vector field’s potential
function.
b) Evaluate the line integral j F -d# , where C is any space curve that starts
C

at (0,1,1) and ends at (2, 2, 0).



3. The Fundamental Theorem for Line Integrals

Ex 6: Find the work done by the gravitational field F (%) = — Tgf X in moving

a particle with mass m from point (3,4,12) to the point (2,2,0) along a piecewise
smooth curve C.
(Recall: F is conservative and its potential function is £ (x, y, z) =

mMG )
JxZ+y2+z2




4. Independence of Path

e The line integral f F -d# is independent of path if given any 2 curves C;,
C

and C, with the same starting and ending points, f F .dif = f F -df
C C,

g o 2
G .7 '( F =< y y X

>
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— x=4-y? j F .-dr = — g f -dr = T
A C, C,

TN

« The Fundamental Theorem for Line Integrals tells us that conservative
vector fields are independent of path.

f Vf - dr = f(ending point) — f(starting point)
C



4. Independence of Path

« Acurve Cisaclosed curve if its starting and ending points are the same.
pictures...

/ F - dr is independent of path in D if and only if/ F - dr = 0 for every closed path C'in D.
C c



4. Independence of Path

Theorem

/ F - dr is independent of path in D if and only if/ F - dr = 0 for every closed path C'in D.
c C

Proof:



4. Independence of Path

Theorem

Suppose F is a vector field that is continuous on an open connected region D. Iff F-dris
C

independent of path in D, then F is a conservative vector field on D; that is, there exists a function f

suchthat Vf =F.
Proof:




5. Conservation of Energy in Physics

Suppose an object of mass m is under the influence of a conservative force field
F(x,y,2) = Vf(x,y,2) as it travels in space from point A to point B. ...



